
Electromagnetic Field Theory (EMT)

Lecture # 18

1) Material Properties

2) Continuity Equation and Relaxation Time

3) Electrostatic Boundary Conditions



Homogeneous:

 Materials for which 𝜺 (or 𝝈) does not vary in the region being considered

and is therefore the same at all points (i.e., independent of x, y, z) are said to

be homogeneous

 Examples: Glass, Metals, plastics, ceramics, NaCl, paper, board.

Non-Homogeneous:

 When 𝜺 (or 𝝈) is dependent on the space coordinates

 Examples: The atmosphere is a typical example of an inhomogeneous

medium; its permittivity varies with altitude.

Homogeneous VS Non-homogeneous Materials



Isotropic:

 Those which have the same properties in all directions

 Whose constitutive parameters are not functions of the directions of the

applied field.

 Examples: Glass and Metals

An-isotropic

 Those which have different properties in all directions

 Constitutive paraments are represented by tensor

 Examples: Wood, Organized Crystalline, Composite Materials

Isotropic Vs Anisotropic Materials



Homogeneous is uniformity throughout and isotropic means

uniformity of properties in all directions.

 Isotropy is based on the direction of properties; but homogeneity does

not depend on the direction.

 Example: An electric field is a homogeneous field because it is uniform

throughout the field. But it is not isotropic because the field is

directional. These two terms are related with the uniformity of the

classification.

Difference between Isotropic and Homogeneous



 A parallel-plate capacitor with plate separation of 2 mm has a 1-

kV voltage applied to its plates. If the space between its plates is 

filled with polystyrene (𝜀𝑟 = 2.55), find E, P, and 𝜌𝑝𝑣. Where ax is 

outward unit normal to the surface of the dielectric.

Problem-1



 In a dielectric material, Ex = 5 V/m and P = (1/10π)(3ax - ay + 

4az) nC/m2.

 Calculate:

 (a) χ𝑒
 (b) E

 (c) D

Problem-2
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Continuity Equation
 Due to the principle of charge conservation, the time rate of decrease of

charge within a given volume must be equal to the net outward current flow

through the closed surface of the volume.

 Thus current Iout coming out of the closed surface is

which is called the continuity of current equation.



 From the physical interpretation of divergence, the continuity equation

indicates that the current or charge per second, diverging from a small

volume is equal to the time rate of decrease of charge per unit volume at

every point.

 For steady currents, Τ𝜕𝜌𝑣 𝜕𝑡 = 0 and hence 𝛻 ∙ 𝑱 = 0 showing that the

total charge leaving a volume is the same as the total charge entering it:

Kirchhoff's current law follows from this.

Continuity Equation

Conclusion



Relaxation Time
Having discussed the continuity equation and the properties a and e of materials, it

is appropriate to consider the effect of introducing charge at some interior point of

a given

 ρv0 is the initial charge density (i.e., ρv at t = 0). The equation shows that the

introducing charge at some interior point of the material results in decay of

volume charge density ρv.

 Tr (in seconds) = relaxation time or rearrangement time.

 The lime it takes a charge placed in the interior of a material to drop to e-l

(= 36.8 %) of its initial value.



Relaxation time is short for good conductors and long for good

dielectrics

 For example, for copper σ = 5.8 x 107 mhos/m, 𝜀𝑟 = 1, and so:

 This shows a rapid decay of charge placed inside copper

Relaxation Time



 This implies that for good conductors, the relaxation time is so short that

most of the charge will vanish from any interior point and appear at the

surface (as surface charge)

On the other hand, for fused quartz, for instance, σ = 10-17 mhos/m, 𝜀𝑟 =

5.0, we have:

 showing a very large relaxation time

 Thus for good dielectrics, one may consider the introduced charge to

remain wherever placed.

Relaxation Time



 If 𝐉 = 100/𝜌2𝐚𝛒A/m2, find:

a) The rate of increase in the volume charge density

b) The total current passing through surface defined by 𝜌 = 2, 0 < 𝑧 <
1, 0 < ∅ < 2𝜋.

Problem-1



 The current density in a certain region is approximated by 𝐉 =
0.1

𝑟
exp −106𝑡 𝐚𝐫 A/m2 in spherical coordinates:

a) At t = 1 μs, how much current is crossing the surface r = 5

b) Use the continuity equation to find ρv(r, t), under the assumption that ρv

→ 0 as t→∞

c) Find an expression for the velocity of the charge density

Problem-2



 Let: 𝐉 =
25

𝜌
𝐚𝛒 −

20

𝜌2+0.01
𝐚𝐳 A/m2

a) Find the total current crossing the plane z = 0.2 in the az direction for ρ 

< 0.4

b) Calculate 
𝜕𝜌𝑣

𝜕𝑡

Problem-3
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 So far, we have considered the existence of the electric field in a

homogeneous medium

 If the field exists in a region consisting of two different media, the

conditions that the field must satisfy at the interface separating the media

are called boundary conditions

 These conditions are helpful in determining the field on one side of the

boundary if the field on the other side is known

 The conditions will be dictated by the types of material the media are

made of

Boundary Conditions



 To determine the boundary conditions, we need to use the following two

Maxwell’s equations:

 AND

Also we need to decompose the electric field intensity E into two

orthogonal components:

where Et and En are, respectively, the tangential and normal

components of E to the interface of interest

A similar decomposition can be done for the electric flux density D

Boundary Conditions



We shall consider the boundary conditions at an interface separating:

I. Dielectric (𝜀𝑟1) and dielectric (𝜀𝑟2)

II. Conductor and dielectric

III. Conductor and free space

Boundary Conditions



Consider the E field existing in a region consisting of two different

dielectrics characterized by 𝜀1 = 𝜀𝑜𝜀𝑟1 and 𝜀2 = 𝜀𝑜𝜀𝑟2

Dielectric-Dielectric

 E1 and E2 in media 1 and 2,

respectively, can be decomposed

as:



 For the tangential components, we apply the line integral of E equation

to the closed path abcda shown in Figure.

Assuming that the path is very small with respect to the variation of E,

we obtain:

Here 𝐸𝑡 = 𝐄𝐭 and 𝐸𝑛 = |𝐄𝐧|

As ∆ℎ → 0, the above equation becomes:

 Thus the tangential components of E are the same on the two sides of the

boundary

Dielectric-Dielectric



 In other words, E, undergoes no change on the boundary and it is said to

be continuous across the boundary

 Since 𝐃 = 𝜀𝐄 = 𝐃𝑡 + 𝐃𝑛, we have:

 Or:

 Therefore, D, undergoes some change across the interface and hence D,

is said to be discontinuous across the interface

Dielectric-Dielectric



Now for the normal components, consider the Figure below

Dielectric-Dielectric

We apply Gauss’s law equation to

the Gaussian surface shown in the

figure by making ∆ℎ → 0

Or:

where 𝜌𝑠 is a free charge density

placed at the boundary



 It should be kept in mind that the equation above is based on the

assumption that D is directed from region 2 to region 1 and so the

equation must be applied accordingly (negative sign)

 If no free charges exist at the interface, then 𝜌𝑠 = 0 and the equation

becomes:

 Thus the normal component of D is continuous across the interface; that

is, Dn undergoes no change at the boundary

 Since 𝐃 = 𝜀𝐄, the above equation can be written as:

Hence, normal component of E is discontinuous at the boundary

Dielectric-Dielectric



 The equations derived are collectively referred to as boundary

conditions

 They must be satisfied by an electric field at the boundary separating

two different dielectrics

We can use the boundary conditions to determine the "refraction" of the

electric field across the interface

Dielectric-Dielectric



Consider D1 or E1 and D2 or E2 making angles 𝜃1 and 𝜃2 with the normal 

to the interface as illustrated in Figure below:

Dielectric-Dielectric



 For the tangential components, we have:

Or:

 Similarly, for the normal components, we have:

Or:

Dividing the above two equations, we get:

Dielectric-Dielectric



 Since 𝜀1 = 𝜀𝑜𝜀𝑟1 and 𝜀2 = 𝜀𝑜𝜀𝑟2, we have:

 This is the law of refraction of the electric field at a boundary free of

charge (since 𝜌𝑠 = 0 is assumed at the interface)

 Thus, in general, an interface between two dielectrics produces

bending of the flux lines as a result of unequal polarization charges that

accumulate on the sides of the interface

Dielectric-Dielectric



We shall consider the boundary conditions at an interface separating:

I. Dielectric (𝜀𝑟1) and dielectric (𝜀𝑟2)

II. Conductor and dielectric

III. Conductor and free space

Boundary Conditions



 The conductor is assumed to be perfect (i.e. 𝜎 → ∞ or 𝜌𝑐 → 0)

 Although such a conductor is not practically realizable, we may regard

conductors such as copper and silver as though they were perfect

conductors

 To determine the boundary conditions for a conductor-dielectric

interface, we follow the same procedure used for dielectric-dielectric

interface

 For conductors, there is a difference which is the fact that E = 0 inside

the conductor as mentioned previously

Conductor-Dielectric



 The case for conductor-dielectric interface is shown below

Conductor-Dielectric



 For the tangential components, we apply the following equation:

 For the closed path abcda, we get:

As ∆ℎ → 0 at the interface, therefore:

 Therefore, no tangential component of E exists outside the conductor

Conductor-Dielectric



 For the normal components, we use the Gaussian surface shown in figure

below

Conductor-Dielectric



Charge enclosed by the Gaussian surface is found using the following

equation:

By applying the above equation and making ∆ℎ → 0 at the interface, we

get:

 Since 𝐃 = 𝜀𝐄 = 0 inside the conductor

 The above equation may be written as:

 OR

Conductor-Dielectric




