
Electromagnetic Field Theory (EMT)

Lecture # 19 +20

1) Electrostatic Boundary Conditions

2) Poisson’s and Laplaces’s Equations

3) Resistance and Capacitance

4) Methods of Images



We shall consider the boundary conditions at an interface separating:

I. Dielectric (𝜀𝑟1) and dielectric (𝜀𝑟2)

II. Conductor and dielectric

III. Conductor and free space

Boundary Conditions



Consider the E field existing in a region consisting of two different

dielectrics characterized by 𝜀1 = 𝜀𝑜𝜀𝑟1 and 𝜀2 = 𝜀𝑜𝜀𝑟2

Dielectric-Dielectric

 E1 and E2 in media 1 and 2,

respectively, can be decomposed

as:



 For the tangential components, we apply the line integral of E equation

to the closed path abcda shown in Figure.

Assuming that the path is very small with respect to the variation of E,

we obtain:

Here 𝐸𝑡 = 𝐄𝐭 and 𝐸𝑛 = |𝐄𝐧|

As ∆ℎ → 0, the above equation becomes:

 Thus the tangential components of E are the same on the two sides of the

boundary

Dielectric-Dielectric



 In other words, E, undergoes no change on the boundary and it is said to

be continuous across the boundary

 Since 𝐃 = 𝜀𝐄 = 𝐃𝑡 + 𝐃𝑛, we have:

 Or:

 Therefore, D, undergoes some change across the interface and hence D,

is said to be discontinuous across the interface

Dielectric-Dielectric



Now for the normal components, consider the Figure below

Dielectric-Dielectric

We apply Gauss’s law equation to

the Gaussian surface shown in the

figure by making ∆ℎ → 0

Or:

where 𝜌𝑠 is a free charge density

placed at the boundary



 It should be kept in mind that the equation above is based on the

assumption that D is directed from region 2 to region 1 and so the

equation must be applied accordingly (negative sign)

 If no free charges exist at the interface, then 𝜌𝑠 = 0 and the equation

becomes:

 Thus the normal component of D is continuous across the interface; that

is, Dn undergoes no change at the boundary

 Since 𝐃 = 𝜀𝐄, the above equation can be written as:

Hence, normal component of E is discontinuous at the boundary

Dielectric-Dielectric



 The equations derived are collectively referred to as boundary

conditions

 They must be satisfied by an electric field at the boundary separating

two different dielectrics

We can use the boundary conditions to determine the "refraction" of the

electric field across the interface

Dielectric-Dielectric



Consider D1 or E1 and D2 or E2 making angles 𝜃1 and 𝜃2 with the normal 

to the interface as illustrated in Figure below:

Dielectric-Dielectric



 For the tangential components, we have:

Or:

 Similarly, for the normal components, we have:

Or:

Dividing the above two equations, we get:

Dielectric-Dielectric



 Since 𝜀1 = 𝜀𝑜𝜀𝑟1 and 𝜀2 = 𝜀𝑜𝜀𝑟2, we have:

 This is the law of refraction of the electric field at a boundary free of

charge (since 𝜌𝑠 = 0 is assumed at the interface)

 Thus, in general, an interface between two dielectrics produces

bending of the flux lines as a result of unequal polarization charges that

accumulate on the sides of the interface

Dielectric-Dielectric



We shall consider the boundary conditions at an interface separating:

I. Dielectric (𝜀𝑟1) and dielectric (𝜀𝑟2)

II. Conductor and dielectric

III. Conductor and free space

Boundary Conditions



 The conductor is assumed to be perfect (i.e. 𝜎 → ∞ or 𝜌𝑐 → 0)

 Although such a conductor is not practically realizable, we may regard

conductors such as copper and silver as though they were perfect

conductors

 To determine the boundary conditions for a conductor-dielectric

interface, we follow the same procedure used for dielectric-dielectric

interface

 For conductors, there is a difference which is the fact that E = 0 inside

the conductor as mentioned previously

Conductor-Dielectric



 The case for conductor-dielectric interface is shown below

Conductor-Dielectric



 For the tangential components, we apply the following equation:

 For the closed path abcda, we get:

As ∆ℎ → 0 at the interface, therefore:

 Therefore, no tangential component of E exists outside the conductor

Conductor-Dielectric



 For the normal components, we use the Gaussian surface shown in figure 

below

Conductor-Dielectric



Charge enclosed by the Gaussian surface is found using the following

equation:

By applying the above equation and making ∆ℎ → 0 at the interface, we

get:

 Since 𝐃 = 𝜀𝐄 = 0 inside the conductor

 The above equation may be written as:

 OR

Conductor-Dielectric



 From the previous results, the following conclusions can be made about a 

perfect conductor under static conditions:

1. No electric field may exist within a conductor; that is:

2. Since 𝐄 = −𝛻𝑉 = 0, there can be no potential difference between any 

two points in the conductor; that is, a conductor is an equipotential 

body

3. The electric field E can be external to the conductor and normal to its 

surface; that is:

Conductor-Dielectric



An important application of the fact that E = 0 inside a conductor is in

electrostatic screening or shielding

Conductor-Dielectric

 If conductor A kept at zero

potential surrounds conductor B

as shown in Figure, B is said to

be electrically screened by A

from other electric systems, such

as conductor C, outside A

 Similarly, conductor C outside A

is screened by A from B



Electrostatic Shielding:

 The same physics tells you that one of the safest places to be in a lightning

storm is inside an automobile;

 If the car is struck by lightning, the charge tends to remain on the metal

skin of the vehicle, and little or no electric field is produced inside the

passenger compartment.



Electrostatic Shielding:



 The conductor to free space boundary condition is a special case of the

conductor-dielectric conditions as shown in figure

Conductor-Free Space



 The boundary conditions at the interface between a conductor and free

space can be obtained from the equation obtained previously for

conductor-dielectric:

By replacing 𝜀𝑟 by 1, because free space may be regarded

 as a special dielectric for which 𝜀𝑟 = 1, we get:

We expect the electric field E to be external to the conductor and normal

to its surface

Conductor-Free Space



Problem-1



Problem-2

MATLAB Example



Problem-3



 Two dielectric media with permittivity 𝜀1 = 3 and 𝜀2 = 2.3 are separated

by a charge-free boundary. The electric field intensity in medium-1 at

point at the point of incidence is E1 = 10 V/m and makes an angle ∝1=
30𝑜 with the normal. Determine the magnitude and direction of the

electric field intensity in medium-2.

Problem-4



A homogeneous dielectric (𝜀𝑟 = 1) fills region 1 (𝑥 ≤ 0) while region 2

(𝑥 ≥ 0) is free space.

 (a) If 𝐃𝟏 = 12𝐚𝐱 − 10𝐚𝐲 + 4𝐚𝐳, nC/m2, find D2 and θ2.

 (b) If E2 = 12 V/m and θ2 = 60°, find E1 , and θ1

Problem-5
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 The procedure for determining the electric field E in the preceding

lectures has generally been using either:

1. Coulomb's law or Gauss's law when the charge distribution is known

2. Using 𝐄 = −𝛻𝑉when the potential V is known throughout the region

 In most practical situations, however, neither the charge distribution nor

the potential distribution is known

Introduction



Now, we shall consider practical electrostatic problems where only

electrostatic conditions (charge and potential) at some boundaries are

known and it is desired to find E and V throughout the region

 Such problems are usually tackled using:

1. Poisson's equation

2. Or Laplace's equation

3. Or the method of images

 These problems are usually referred to as boundary value problems

Boundary-value Problems



 Poisson's and Laplace's equations are easily derived from Gauss's law

(for a linear material medium)

AND

Using the two equations above, we get for an in-homogenous medium:

While for a homogenous medium:

 This is known as Poisson’s equation

Poisson’s Equations



A special case of this equation occurs when 𝜌𝑣 = 0 (i.e., for a charge-

free region)

 This is known as Laplace’s equation

 Laplace's equation is of primary importance in solving electrostatic

problems involving a set of conductors maintained at different potentials

(capacitors and vacuum tube diodes)

 Laplace's and Poisson's equations are used in various other field

problems as well

 For example, V would be interpreted as magnetic potential in

magnetostatics, as temperature in heat conduction and as stress function

in fluid flow

Laplace’s Equations



Problem-1



 In a one-dimensional device, the charge density is given by 𝜌𝑣 =
𝜌𝑣𝑜𝑥/𝑎. If E = 0 at x = 0 and V = 0 at x = a, find V and E.

Problem-2



 The two plates of a parallel-plate capacitor are separated by a distance d

and maintained at potentials 0 and 𝑉𝑜. Determine:

a) Potential at any point between the plates

b) The surface charge densities at the plates

Problem-3
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Consider a conductor whose ends are maintained at a potential difference

V, as shown in Figure below

Note that in this case, 𝐄 ≠ 0 inside the conductor (why ?)

Revision-Conductors



 There is no static equilibrium in this case since the conductor is not 

isolated but wired to a source of electromotive force

 The electromotive force compels the free charges to move and prevents

the eventual establishment of electrostatic equilibrium

 Thus in the case, an electric field must exist inside the conductor to

sustain the flow of current

As the electrons move, they encounter some damping forces called

resistance

Based on Ohm's law ( 𝐽 = 𝜎𝐸) studied previously, we will derive the

resistance of the conducting material

Revision-Conductors



 Suppose the conductor has a uniform cross section S and is of length l

 The direction of the electric field E produced is the same as the direction

of the flow of positive charges or current I, (opposite to the direction of

the flow of electrons)

 The electric field applied is uniform and its magnitude is given by:

 Since the conductor has a uniform cross-section, we have:

Revision-Conductors



 Substituting J and E in the previous equation, we have:

 Therefore:

OR

Here 𝜌𝑐 = 1/𝜎 is the resistivity of the material

 The above equation is useful in determining the resistance of any
conductor of uniform cross section

However, the basic definition of resistance R as the ratio of the potential
difference V between the two ends of the conductor to the current I
through the conductor still applies

Revision-Conductors



The problem of finding the resistance of a conductor of non-

uniform cross section can be treated as a boundary-value problem

 If the cross section of the conductor is not uniform, the resistance

is obtained by using the following equation:

Resistance



The resistance can be found using Laplace’s equation through

following steps:

1) Choose a suitable coordinate system

2) Assume Vo as the potential difference between conductor

terminals

3) Solve Laplace's equation 𝛻2𝑉 to obtain V

4) Then determine E from 𝐄 = −𝛻𝑉 and I from 𝐼 = .𝜎𝐄 𝑑𝐒

5) Finally, obtain R as 𝑉𝑜/𝐼

Resistance



Consider a two-conductor capacitor

 The conductors are maintained at a potential difference V given by:

where E is the electric field existing between the conductors

 The capacitance C is defined as the ratio of the magnitude of the charge

on one of the plates to the potential difference between them; that is:

We will now use Gauss’s law (instead of Laplace’s equation) to find C

for three different types of capacitors

Capacitance



Determine the capacitance C of a parallel-plate capacitor using Gauss’s

law. Each of the plates of the capacitor has an area S and are separated

by a distance d. The dielectric between the plates has permittivity ε.

Problem-1



A cylindrical capacitor consists of an inner conductor of radius a and an

outer conductor of radius b. The space between the conductors is filled

with dielectric of permittivity ε and the length of the capacitor is L.

Determine the capacitance C.

Problem-2



A spherical capacitor has two concentric spherical conductors. The inner

sphere has a radius a and the outer sphere has a radius b (b>a). The

spheres are separated by dielectric of permittivity ε. Determine the

capacitance C.

Problem-3




