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Maxwell’s Equations
 For a field to be "qualified" as an electromagnetic field, it must satisfy all

four Maxwell's equations
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Introduction
Our first application of Maxwell's equations will be in relation to

electromagnetic wave propagation

 The existence of EM waves, predicted by Maxwell's equations, was first

investigated by Heinrich Hertz

After several calculations and experiments Hertz succeeded in generating

and detecting radio waves, which are sometimes called Hertzian waves in

his honor

 In general, waves are means of transporting energy or information

 Typical examples of EM waves include radio waves, TV signals, radar

beams, and light rays

https://www.cabrillo.edu/~jmccullough/Applets/Flash/Optics/EMWave.swf



Introduction
Our major goal is to solve Maxwell's equations and derive EM wave

motion in the following media:

1. Free space (𝜎 = 0, 휀 = 휀𝑜, 𝜇 = 𝜇𝑜)

2. Lossless dielectrics (𝜎 = 0, 휀 = 휀𝑟휀𝑜, 𝜇 = 𝜇𝑟𝜇𝑜 𝑜𝑟 𝜎 ≪ 𝜔휀)

3. Lossy dielectrics (𝜎 ≠ 0, 휀 = 휀𝑟휀𝑜, 𝜇 = 𝜇𝑟𝜇𝑜)

4. Good conductors (𝜎 ≈ ∞, 휀 = 휀𝑜, 𝜇 = 𝜇𝑟𝜇𝑜 𝑜𝑟 𝜎 ≫ 𝜔휀)

where 𝜔 is the angular frequency of the wave

Case 3, for lossy dielectrics, is the most general case and will be

considered first

We simply derive other cases (1,2, and 4) from case 3 as special cases by

changing the values of 𝜎, 휀, and 𝜇
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Maxwell’s Equations in Phasor Form

 In phasor form, Maxwell's equations for time-harmonic EM fields in a

linear, isotropic, and homogeneous medium can be written as:



Wave Propagation in Lossy Dielectrics
 Taking curl on both sides of the Maxwell’s equation, we get:

We have the vector identity:

Applying the vector identity to the left side of the equation and by

substituting Maxwell’s remaining equations, we get:

Or:

Where:



Wave Propagation in Lossy Dielectrics

 The quantity 𝛾 is called the propagation constant (in per meter) of the

medium

By a similar procedure, it can be shown that for the H field:

 These equations for E and H are known as homogeneous vector

Helmholtz 's equations or simply vector wave equations

 In Cartesian coordinates, the wave equation for E, for example, is

equivalent to three scalar wave equations, one for each component of E

along ax, ay, and az



Wave Propagation in Lossy Dielectrics
 Since 𝛾 is a complex quantity, we may write it as:

We obtain 𝛼 and 𝛽 from the previous equations as:

And:

 From the above equations we obtain:



Wave Propagation in Lossy Dielectrics

 If we assume that the wave propagates along +az and that Es has only an

x-component, then:

 Substituting the above into the wave equation, we get:

 Therefore:

Or:



Wave Propagation in Lossy Dielectrics
 This is a scalar wave equation, a linear homogeneous differential

equation, with solution:

where Eo and E'o are constants

 The fact that the field must be finite at infinity requires that E'o = 0

Alternatively, because 𝑒𝛾𝑧 denotes a wave traveling along —az whereas

we assume wave propagation along az, => E'o = 0

 Inserting the time factor 𝑒𝑗𝑤𝑡 into the above equation and using value of

𝛾, we obtain:



Wave Propagation in Lossy Dielectrics

Or:

A sketch of |E| at

times t = 0 and t = Δt

is shown , where it is

evident that E has

only an x-component

and it is traveling

along the +z-direction



Problem-1
 The equation of E(z,t) for an EM wave in a lossy dielectric medium is

given below. Determine the equation for H(z,t) for the same EM wave.



Wave Propagation in Lossy Dielectrics
 Previously we had derived the following equation for electric field of an

EM wave:

And for the magnetic we have:

Notice from the above two equations that as the wave propagates along

az, it decreases or attenuates in amplitude by a factor 𝑒−∝𝑧

Hence ∝ is known as the attenuation constant or attenuation factor of the

medium



Wave Propagation in Lossy Dielectrics
 Since 𝜂 is a complex quantity, it may be written as:

With:

Where:

 Therefore, using the above quantities, H may be written as:

OR



Wave Propagation in Lossy Dielectrics
∝ is a measure of the spatial rate of decay of the wave in the medium,

measured in nepers per meter (Np/m) or in decibels per meter (dB/m)

As derived earlier:

An attenuation of 1 neper denotes a reduction to 𝑒−1 of the original value

whereas an increase of 1 neper indicates an increase by a factor of e

Hence for voltages:



Wave Propagation in Lossy Dielectrics

 From the relation for attenuation, we notice that if 𝜎 = 0, as is the case

for a lossless medium and free space, ∝= 0 and the wave is not

attenuated as it propagates

 The quantity 𝛽 is a measure of the phase shift per length and is called the

phase constant or wave number

 In terms of 𝛽, the wave velocity u and wavelength λ are, respectively,

given as below:



Wave Propagation in Lossy Dielectrics
 The complex quantity 𝜂 in the relation for E and H was derived as:

 Therefore, E and H are out of phase by 𝜃𝜂 at any instant of time due to

the complex intrinsic impedance of the medium

 Thus at any time, E leads H (or H lags E) by 𝜃𝜂

 The ratio of the magnitude of the conduction current density J to that of

the displacement current density Jd in a lossy medium is:



Wave Propagation in Lossy Dielectrics
Or:

Here tan 𝜃 is known as the loss tangent and 𝜃 is the loss angle of the

medium as illustrated in figure below



Wave Propagation in Lossy Dielectrics
 Although a line of demarcation between good conductors and lossy

dielectrics is not easy to make, tan 𝜃 or 𝜃 may be used to 

determine how lossy a medium is

 A medium is said to be a good (lossless or perfect) dielectric if tan 𝜃
is very small (𝜎 ≪ 𝜔휀) or a good conductor if tan 𝜃 is very large 

(𝜎 ≫ 𝜔휀)

 From the viewpoint of wave propagation, the characteristic 

behavior of a medium depends not only on its constitutive 

parameters 𝜎, 휀 and 𝜇 but also on the frequency of operation

 A medium that is regarded as a good conductor at low frequencies 

may be a good dielectric at high frequencies



Wave Propagation in Lossy Dielectrics
We have from Maxwell’s equation:

Where:

Or:

 휀𝑐 is called the complex permittivity of the medium

We observe that the ratio of 휀′′ to 휀′ is the loss tangent of the 

medium; that is:



Wave Propagation in Lossless Dielectrics

 In a lossless dielectric 𝜎 ≪ 𝜔휀

 For lossless dielectric:

 Previously, we derived the following equations: 

 For lossless dielectric, we get:



Wave Propagation in Lossless Dielectrics

 Also:

 And:

 Therefore, E and H are in time phase with each other



Wave Propagation in Free Space
 For free space, we have:

 Therefore, we have the following relations:

Where c is the speed of light in vacuum

 This shows that light is the manifestation of an EM wave

 In other words, light is characteristically electromagnetic



Wave Propagation in Free Space
 By substitution, we get 𝜃𝜂 = 0 and 𝜂 = 𝜂𝑜 where 𝜂𝑜 is called the 

intrinsic impedance of free space and is given by:

 Then:

 In general, if aE, aH, and ak are unit vectors along the E field, the H

field, and the direction of wave propagation

 Therefore:



EM Wave Propagation
 The plots of E and H are shown in figure below:



EM Wave Propagation

 Both E and H form an EM wave that has no electric or magnetic 

field components along the direction of propagation; such a wave is 

called a transverse electromagnetic (TEM) wave

 Each of E and H is called a uniform plane wave because E (or H) 

has the same magnitude throughout any transverse plane, defined 

by z = constant

 The direction in which the electric field points is the polarization 

of a TEM wave 



WAVE PROPAGATION in 
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Wave Propagation in Good Conductors
 A perfect, or good conductor, is one in which 𝜎 ≫ 𝜔휀 so that 

𝜎/𝜔휀 → ∞; that is:

 The attenuation and phase constants were derived as:

Hence for good conductors, the equations are as below:



Wave Propagation in Good Conductors
 And:

We have the intrinsic impedance of the medium as:

 For good conductors, this becomes:

 Therefore, E leads H by 45o



Wave Propagation in Good Conductors
 So if:

 Then:

 Therefore, as E (or H) wave travels in a conducting medium, its 

amplitude is attenuated by the factor 𝑒−∝𝑧

 The distance 𝛿, through which the wave amplitude decreases by a 

factor 𝑒−1 (about 37%) is called skin depth or penetration depth of 

the medium; that is:

Or:



Wave Propagation in Good Conductors
 The skin depth is a measure of the depth to which an EM wave can 

penetrate the medium

 Figure below illustrates skin depth



Wave Propagation in Good Conductors
 By rearranging the previous equations, the skin depth for good 

conductors may be written as:

 Also for good conductors:

 The E field may be written as:

 The above equation shows that 𝛿 measures the exponential 

damping of the wave as it travels through the conductor



Wave Propagation in Good Conductors
 The skin depth in copper at various frequencies is shown in Table 

below:

 From the table, we notice that the skin depth decreases with 

increase in frequency

 Thus, E and H can hardly propagate through good conductors



Wave Propagation in Good Conductors
 The phenomenon whereby field intensity in a conductor rapidly 

decreases is known as skin effect

 The fields and associated currents are confined to a very thin layer 

(the skin) of the conductor surface

 For a wire of radius a, for example, it is a good approximation at 

high frequencies to assume that all of the current flows in the 

circular ring of thickness



Wave Propagation in Good Conductors

 Skin effect is used to advantage in many applications

 For example, because the skin depth in silver is very small, the 

difference in performance between a pure silver component and a 

silver-plated brass component is negligible, so silver plating is 

often used to reduce material cost of waveguide components

 For the same reason, hollow tubular conductors are used instead of 

solid conductors in outdoor television antennas

 Effective electromagnetic shielding of electrical devices can be 

provided by conductive enclosures a few skin depths in thickness



Wave Propagation in Good Conductors
 The skin depth is useful in calculating the ac resistance due to skin 

effect

 The resistance discussed in previous lectures is called the dc 

resistance and is written as:

We define the surface or skin resistance Rs (in Ω/m2) as the real 

part of the η for a good conductor (resistance of a unit width and 

unit length):

 For a given width w and length l, the ac resistance is calculated 

using dc resistance relation above as:



Wave Propagation in Good Conductors
 For a conductor wire of radius a, w = 2πa, so:

 Since 𝛿 ≪ 𝑎 at high frequencies, this shows that Rac is far greater 

than Rdc

 In general, the ratio of the ac to the dc resistance increases as the 

frequency increases

 Also, although the bulk of the current is non-uniformly distributed 

over a thickness of 5𝛿 of the conductor, the power loss is the same 

as though it were uniformly distributed over a thickness of 𝛿 and 

zero elsewhere



Problem-1

 A lossy dielectric has an intrinsic impedance of                   at a 

particular frequency. If, at that frequency, the plane wave 

propagating through the dielectric has the magnetic field 

component:

 Find E and ∝. Determine the skin depth and wave polarization.
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