
Electromagnetic Field Theory (EMT) 

Lecture # 5  

Vector Calculus-I  



Topics to be Covered: 

Differential Length, Area, and Volume 

 Line, Surface, and Volume Integrals 

Del Operator 

Gradient of a Scalar 

Divergence of a Vector and Divergence Theorem 

Curl of a Vector and Stokes's Theorem 

 Laplacian of a Scalar 

Classification of Vector Fields 

 

 

 

 

 

Vector Calculus 



Differential elements in length, area, and volume are useful in vector 

calculus 

 

 

 

 

 

Differential Elements – Cartesian 

Coordinate System 

Differential displacement or 

length is given by: 

 

 

 

 

 



Differential normal areas are given by:   

 

Differential volume is given by: 

 

 

 

Differential Elements – Cartesian 

Coordinate System 



 

 

 

These differential elements are very important as they will be 

referred to again and again throughout the course 

 

 

The student is encouraged not to memorize them, however, but to 

learn to derive them from the figures. 

 

 

 

 

 

Differential Elements – Cartesian 

Coordinate System 



 

Differential displacement or length is given as: 

 

 

 

 

 

Differential Elements – Cylindrical 

Coordinate System 



Differential normal area is given as: 

 

Differential volume is given as: 

 

 

 

Differential Elements – Cylindrical 

Coordinate System 



Differential displacement or length is given as: 

 

 

 

 

 

Differential Elements – Spherical 

Coordinate System 



Differential 

displacement or 

length is given as: 

 

 

 

 

 

Differential Elements – Spherical 

Coordinate System 



Differential normal area is: 

 

Differential volume is: 

 

 

 

Differential Elements – Spherical 

Coordinate System 







                         



Three Orthogonal Coordinate Systems: 



Summary of the Transformation between Coordinate Systems: 



Topics to be Covered: 

Differential Length, Area, and Volume 

Line, Surface, and Volume Integrals 

Del Operator 

Gradient of a Scalar 

Divergence of a Vector and Divergence Theorem 

Curl of a Vector and Stokes's Theorem 

 Laplacian of a Scalar 

Classification of Vector Fields 

 

 

 

 

 

Vector Calculus 



 The familiar concept of integration will now be extended to cases when 

the integrand involves a vector 

 

By a line we mean the path along a curve in space 

 

 The line integral is the integral of the tangential component of A along 

curve L: 

 

 

Line Integral 

Also called line integral of A 

around L  



One possible application of this integral would be to compute the work 

W that would be required to push the cart with a force F from point ‘a’ 

to point ‘b’ along a prescribed path as shown in Fig below. 

 

Line Integral 



 This integral states that no work is expended in moving the cart if the 

direction of the force applied to the object is perpendicular to the path 

of the motion.  

 If we were to push the cart completely around the path so it returned to 

the original point, we would call this a closed line integral and indicate 

it with a circle at the center of the integral a given below. 

 𝑭 ∙ 𝒅𝒍 

Line Integral 



 If the path of integration is a closed curve such as abca in Figure below, 

the line integral becomes a closed contour integral 

 

 

 

 This is called the circulation of A around L 

Line Integral 



Given a vector field A, continuous in a region containing the smooth 

surface S, we define the surface integral or the flux of A through S as: 

Surface Integral 



1) Electric Flux 

 

2) Magnetic Flux 

 

 

 

 

 

Surface Integral-Examples 



A closed path defines an open surface whereas a closed surface 

defines a volume 

 

 If the scalar ρv is the volume density of a certain quantity, then the 

volume integral of ρv over the volume v is: 

 

 

 

 The physical meaning of a line, surface, or volume integral depends on 

the nature of the physical quantity represented by A or ρv   

Volume Integral 



Volume Integral-Example 



Topics to be Covered: 

Differential Length, Area, and Volume 

 Line, Surface, and Volume Integrals 

Del Operator 

Gradient of a Scalar 

Divergence of a Vector and Divergence Theorem 

Curl of a Vector and Stokes's Theorem 

 Laplacian of a Scalar 

Classification of Vector Fields 

 

 

 

 

 

Vector Calculus 



 In addition to the integral relations for vectors, there are also 

differential operations that will be encountered frequently in our 

journey through electromagnetic theory. 

 

 The del operator, written as 𝛻, is a vector differential operator 

 

 In Cartesian coordinates:  

 

 This vector differential operator, otherwise known as the gradient 

operator, is not a vector in itself 

 

But when it operates on a scalar function, it results in a vector 

DEL Operator 



 The del operator will be used in defining different quantities in 

subsequent sections  

1) The gradient of a scalar V, written, as  

2) The divergence of a vector A, written as 𝜵 ∙ 𝑨 

3) The curl of a vector A, written as 𝜵 × 𝑨 

4) The Laplacian of a scalar V, written as 𝜵𝟐𝑉 

 

DEL Operator 



We have: 

 

Hence:  

 

 

 

 

 

By substitution: 

DEL Operator – Cylindrical Coordinate 

System 



We have: 

 

 

Hence:  

 

 

 

 

 

 

 

 By substitution: 

DEL Operator – Spherical Coordinate 

System 




