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Vector Calculus 



 The del operator will be used in defining different quantities in 

subsequent sections  

1) The gradient of a scalar V, written, as  

2) The divergence of a vector A, written as 𝜵 ∙ 𝑨 

3) The curl of a vector A, written as 𝜵 × 𝑨 

4) The Laplacian of a scalar V, written as 𝜵𝟐𝑉 

 

DEL Operator 



 The gradient is a generalization of the usual concept of derivative to 

functions of several variables i.e. Gradient is the multidimensional 

rate of change of given function. 

 Similarly to the usual derivative, the gradient represents the slope of the 

tangent of the graph of the function.  

More precisely, the gradient points in the direction of the greatest rate 

of increase of the function, and its magnitude is the slope of the graph 

in that direction.  

 Play the Video 

 

 

 

 

 

Gradient of a Scalar 



 Consider a room in which the temperature is given by a scalar field, T, so at 

each point (x, y, z) the temperature is T(x, y, z). (Assume that the temperature 

does not change over time.)  

 At each point in the room, the gradient of T at that point will show the direction 

in which the temperature rises most quickly.  

 The magnitude of the gradient will determine how fast the temperature rises 

in that direction. 

 

 

 

 

 

 

Gradient of a Scalar-Examples 



 The vector derivative of a scalar field ‘f’ is called the gradient. 

 The gradient of a scalar field V is a vector that represents both the 

magnitude and the direction of the maximum space rate of increase of V 

 

 

 

 

 

 

 

Gradient of a Scalar 



 In Cartesian coordinates, we have: 

 

 

 

 For Cylindrical coordinates: 

 

 

 

 For Spherical coordinates: 

 

Gradient of a Scalar 



 The magnitude of 𝜵𝑉equals the maximum rate of change in V per unit 

distance 

 

 𝛻𝑉 points in the direction of the maximum rate of change in V 

 

 𝛻𝑉at any point is perpendicular to the constant V surface that passes 

through that point 

 

 The projection (or component) of 𝛻𝑉 in the direction of a unit vector a is 

𝛻𝑉• a and is called the directional derivative of V along a. This is the rate 

of change of V in the direction of a 

 

 If A = 𝛻𝑉, V is said to be the scalar potential of A 

Fundamental Properties of the 

Gradient of a Scalar Field V 
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Vector Calculus 



Physical Interpretation of Divergence: 

 The divergence operator is useful in determining if there is a source or 

a sink at a certain location in space in a region where a vector field 

exists. 

 

 For electromagnetic fields, these sources and sinks will turn out to be 

positive and negative electrical charges. 

 

Example: Imagine a vector field represents water flow.  

 Then if the divergence is a positive number, this means water is flowing out 

of the point (like a water spout - this location is considered a source).  

 If the divergence is a negative number, then water is flowing into the point 

(like a water drain - this location is known as a sink). 

 

 

 

 

 

Divergence of a Vector 



 First, imagine we have a vector field A as shown in Figure below, and we 

want to know what the divergence is at the point P. 

We also draw an imaginary surface (S) surrounding the point P. Now 

imagine the vector A represents water flow.  

 Then, if you add up the amount of water flowing out of the surface, 

would the amount be positive? The answer, is yes: water is flowing out of 

the surface at every location along the surface S.  

Hence, we can say that the divergence at P is positive. 

 

 

 

 

Divergence of a Vector 



 Let's take another simple example. We have a new vector field B 

surrounding the point P. 

 If we imagine the water flowing, we would see the point P acting like a 

drain or water sink.  

 In this case, the flow out of the surface is negative - hence, the divergence 

of the field B at P is negative. 

 

 

 

Divergence of a Vector 



Here's another example. Figure below has a vector field C surrounding the 

point: 

 In Figure, if C represents the flow of water, does more water flow into or 

out of the surface?  

 In the top of Figure, water flows out of the surface, but at the bottom it 

flows in. 

 Since the field has equal flow into and out of the surface S, the 

divergence is zero. 

 

Divergence of a Vector 



Other Example: 

Velocity of air sucking when balloon is burst. 

Velocity of air when tire is punctured.  

 Electric flux through a Gaussian surface when positive charge is there. 

 Electric flux through a Gaussian surface when negative charge is there. 

 Electric flux through a Gaussian surface when charge is placed outside 

the surface. 

 

 

 

Divergence of a Vector 



 The divergence of vector A at a given point P is the outward flux per 
unit volume as the volume shrinks about P 

 

We know that the net outflow of the flux of a vector field A from a 
closed surface S is obtained from the integral: 

 

 

 The divergence of A as the net outward flow of flux per unit volume 
over a closed incremental surface: 

 

 

 

where Δv is the volume enclosed by the closed surface S in which P is 
located 

 

 

 

 

Divergence of a Vector 



 Physically, we may regard the divergence of the vector field A at a given 

point as a measure of how much the field diverges or emanates from 

that point 

 

 (a) Positive   (b) Negative   (c) Zero 

 

 

 

Divergence of a Vector 



 In Cartesian coordinate system: 

 

 

 

Cylindrical coordinate system: 

 

 

 

 Spherical coordinate system: 

 

 

 

Divergence of a Vector 



 From the definition of divergence of A, we have the divergence theorem 

as: 

 

 

 The divergence theorem states that the total outward flux of a vector 

field A through the closed surface S is the same as the volume integral 

of the divergence of A 

 

 

Divergence Theorem 



 

 It will soon become apparent that volume integrals are easier to 

evaluate than surface integrals. 

 

 For this reason, to determine the flux of A through a closed surface, we 

simply find the right-hand side of the divergence theorem equation 

 

Divergence Theorem 
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Vector Calculus 



We defined the circulation of a vector field A around a closed path L as 

the integral: 

 

 

 The curl is a vector operation that can be used to state whether there is 

a rotation associated with a vector field. 

 

Curl of a Vector 



 The curl is a vector operation that can be used to state whether there is 

a rotation associated with a vector field. 

 This is visualized most easily by considering the experiment of inserting 

a small paddle wheel in a flowing river as shown in Figure below. 

 If the paddle wheel is inserted in the center of the river, it will not rotate 

since the velocity of the water a small distance on either side of the 

center will be the same. 

Curl of a Vector 



However, if the paddle wheel were situated near the edge of the river, it 

would rotate since the velocity just at the edge will be less than in a 

region further from the edge.  

Note that the rotation will be in the opposite directions at the two edges 

of the river.  

 The curl vector operation determines both the sense and the 

magnitude of the rotation. 

Curl of a Vector 



 The curl of A is an axial (or rotational) vector whose magnitude is the 

maximum circulation of A per unit area as the area tends to zero  

 and whose direction is the normal direction of the area when the area 

is oriented so as to make the circulation maximum. 

 

 

 Play the video 

Curl of a Vector 



 The curl of A is an axial (or rotational) vector whose magnitude is the 

maximum circulation of A per unit area as the area tends to zero  

 and whose direction is the normal direction of the area when the area 

is oriented so as to make the circulation maximum 

 

 

 

 

where the area ΔS is bounded by the curve L and an is the unit vector 

normal to the surface ΔS and is determined using the right-hand rule 

Curl of a Vector 



 Cartesian coordinates: 

 

 

 

 

 

 

 Cylindrical coordinates: 

 

 

Curl of a Vector 



 Spherical coordinates: 

 

 

 

 

 

Note the following properties of curl: 

 

1. The curl of a vector field is another vector field 

2. The curl of a scalar field V, 𝛻 × 𝑉, makes no sense 

3. The divergence of the curl of a vector field vanishes, that is, 

𝛻 ∙ 𝛻 × 𝑨 = 0 

4. The curl of the gradient of a scalar field vanishes, that is, 𝛻 × 𝛻𝑉 = 0 

Curl of a Vector 



Stokes Theorem 

 From the definition of the curl 

of A, we get: 

 

 

 Stokes theorem states that the 

circulation of a vector field A 

around a (closed) path L is 

equal to the surface integral of 

the curl of A over the open 

surface S bounded by L 

provided that A and 𝛻 × 𝑨 are 

continuous on S 



Stokes Theorem 

 The direction of dl and dS in Stokes theorem equation must be chosen 

using the right-hand rule  

Using the right-hand rule, if we let the fingers point in the direction of 

dl, the thumb will indicate the direction of dS.  

Note that whereas the divergence theorem relates a surface integral to 

a volume integral, Stokes's theorem relates a line integral (circulation) 

to a surface integral 
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Vector Calculus 



Laplacian of a Scalar Field 

A useful operator which is the composite of gradient and divergence 

operators 

 

 The Laplacian of a scalar field V, written as 𝛻2𝑉, is the divergence of the 

gradient of V 

 

 In Cartesian coordinates, Laplacian is: 

 

 

 

OR   



Laplacian of a Scalar Field 

 In cylindrical coordinates: 

 

 

 

 

 In spherical coordinates: 



Laplacian of a Scalar Field 



Laplacian of a Vector Field 

A version of the Laplacian that operates on vector functions is known as the vector Laplacian, 

and a tensor Laplacian can be similarly defined.  

http://mathworld.wolfram.com/VectorLaplacian.html
http://mathworld.wolfram.com/TensorLaplacian.html
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Vector Calculus 



Classification of Vector Fields 
A vector field is uniquely characterized by its divergence and curl. Neither the 
divergence nor curl of a vector field is sufficient to completely describe the field. 
All vector fields can be classified in terms of their vanishing or non-vanishing 
divergence or curl as follows: 




